Abstract.
In her work on compact perturbations of operators Olsen [3] proposed (and solved in various special cases) the following problem: given T E B(H) and a polynomial p(x) does there exist a compact operator K so that || p(T + K)\\ = II p(T)\\e, where II • \\e denotes the norm in the Calkin algebra? This question was taken up for a C*-algebra with a closed ideal by Akemann and Pedersen [1] where it was shown that perturbations can be chosen to given equality for the polynomial x". A counterexample was given for the polynomial x2 -x in the algebra C[0,1] of continuous functions on the unit interval. The purpose of this note is to give an example of a C*-algebra A, an ideal /, an infinite collection of polynomials and an operator T E A so that a perturbation may be found for any finite number of the polynomials, but no perturbation exists for all of the polynomials simultaneously.
Let Sn be the upper triangular n X n matrix with Ts on and above the main diagonal. It is easy to see that powers of Sn axe also upper triangular and are constant on the diagonals. Let a\r) denote the (1, /) entry of (S")r. The following lemma will be useful in evaluating a\r). Proof. To begin the induction argument observe that a\2) = I, 1 < K n, and so p2(x) = x. Now assume the truth of the lemma for all integers less than or equal to r and write Proof. Let {x,}"=| be the n rows of (Sn)r and let y be a unit vector in C" at which (Sn)r attains its norm. The entries of y may be taken as nonnegative since the entries of (SnY axe nonnegative. The ith entry of (Sn)ry is (x,, y) and so It is now possible to describe the example mentioned above. Let Mn denote the n X n matrix algebra and let A be the C*-algebra ®^=XM", which can be viewed as block-diagonal operators on a separable Hubert space. Elements of A may be written T -©^1 xTn where it is understood that Tn E Mn. Let J denote the ideal of compact block-diagonal operators. For an operator T E A its norm in the quotient space will be denoted by II T || e, and its image under the quotient map by 7.
Recall the definition of the matrix S", and define T = (&%LxS"/n E A. It follows from Lemma 3 that ||Fr|l(, < (2r -Xyx/2/(r -l)\ and so
Therefore f is quasinilpotent.
Let Pn E M" be the projection all of whose entries are l/n, and write P -©^= ,F" E A. Then P and Re(7") are equal and so the numerical range W(f) of Flies in the right half-plane. Theorem 1. Given any finite number, qx(x),.. .,q¡(x), of polynomials from either of the collections (x": n> 1} or [x + X: X E C) there exists an element K E J so that lk,(r)iif= ii^r+A:)!!, i <i<i.
However, no such K exists for which equality holds simultaneously for all of these polynomials.
Proof. First choose Kx EJ so that ||X + (T + Kx)\\ = ||X + T\\e for all X G C [5 , which is impossible since T + K is a compact perturbation of the noncompact operator 7. This contradiction completes the proof.
